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relate the coefficients of numerator and denominator of rational functions to the sum and
product of intersection points with oblique asymptotes. Furthermore, previously we
learned how to find Oblique asymptote of rational functions by Long division, but in this
paper we introduce new easier method for finding oblique asymptotes of rational
Key Words: functions with the aid of determinant of a matrix.
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Introduction

Some of the curves we have sketch in calculus have had asymptotes, that is, straight lines to which the curve draws

arbitrarily close as it recedes to infinite distance from the origin. Asymptotes are of three types: vertical, horizontal, and
oblique. For curves given by the graph of a function y = f(x) horizontal asymptote are horizontal lines that the graph
of the function approaches as x tends to positive or negative infinity. Vertical asymptotes are vertical lines near which
the function grows without bounded. An oblique asymptote has a slope that is non-zero but finite, such that the graph of
function approaches it as x tends to positive or negative infinity. A rational function has at most one horizontal or
oblique asymptote, and possibly many vertical asymptotes. If the degree of the numerator of a rational function is one
greater than the degree of the denominator, the graph has an oblique asymptote [1].
Many authors and researches use Vieta’s formula to the fractional order polynomials [7], or solving polynomial
equations [8]. In application, growth Models with oblique asymptote were considered in [9]. In this work, we present a
vector equations relate the coefficients of rational functions to the sum and product of intersection points with oblique
asymptotes with the aid of Vieta’s theorem. Furthermore, we present a new method for finding oblique asymptotes of
rational functions with the aid of determinant of a matrix.
This paper is organized as follows. Section 2 presents the necessary definitions, theorems and basic preliminaries of
calculus and fundamental theorem of algebra; section 3 devoted to drive some new theorems and corollaries about
oblique asymptote of rational functions; our results illustrated throughout examples in section 4. Finally section 5
includes a Conclusion for our methods.
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Calculus and Fundamental Theorem of algebra

If n is a positive integer, then a polynomial of degree n over field R is a formal sum of the form f(x) = a,x™ +
Ap_1 X" 1+ -+ a;x + ay with a; € Rfori = 0,1,+++,7n,a, # 0and x is an indeterminate variable. A rational
function is any function which can be written as the ratio of two polynomial functions, where the polynomial in the
denominator not equal to zero [2]. The focus for this paper is a polynomial in field R[x].

Definition 1: [2]

The graph of y = f(x) has a vertical asymptote at x = a if either lim_f(x) = tooor lim_f(x) = oo or both.
x-a xX—a

Definition 2: [2]

The graph of y = f(x) has a horizontal asymptote y = a if either lil’}_l f(x)=aor lim f(x) = aorboth.

Definition 3: [2]
The straight line y = ax + b where a # 0 is an oblique asymptote of the graph of y = f(x) if either lir+n [f(x) —
(ax +b)] =0or lim [f(x) — (ax + b)] = 0 or both.
X——00
Definition 4: [6]

Let f(x) and g(x) be a polynomials in R[x], with g(x) # 0. We say that g(x) is a divisor or factor of f(x) and
write g(x)|f (x), if f(x) = g(x)q(x) for some polynomial g(x) in R[x].

Theorem 1: [3]

A polynomial of degree n in R[x] can have at most n distinct roots.

Theorem 2: [3]

If f(x) € R[x] and f(z,) = 0 then f(Z;) = 0; the complex roots of real polynomials come in conjugate pairs.
Theorem 3: (Fundamental Theorem of Algebra) [4]

Ifp(x) = ¥ a;x’ ,a; € R, a, # 0, then there exist a;, a,, -+, a,, € C such that p(x) = a, [T%,(x — ;)
Theorem 4: (Vieta’s formulas) [5]

Consider the polynomial p(x) = a,x"™ + a,_;x" 1 + -+ + a;x + a, with degree n has n roots, call them r, 75, -+, 7;,.
Vieta’s formulas say that

an—

n+nt+o+n = —Z—l
n

__ Qn-—2

(mry+rr+ -t nrmn) + s +nrn 4+ nn) + o+ ran = .
n
an—3
(nrars + i + o+ rrn) + (nrar Frrsrs + o+ rrh) + oo+ oty = —
an

n Qo
Ty = (—1) .
n
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New Theorems and Corollaries about Oblique Asymptote of Rational Functions

In this section, new theorems and corollaries about oblique asymptote of rational functions has been presented. We
introduce a new technique for finding oblique asymptote of rational functions; we begin by deriving Mariwan’s
theorem for oblique asymptote.

Theorem5: (Mariwan’s Theorem 1)

_f) _ apx™tap_1x™ Map_ox™2+tagxtay - . . _ . "
Ifplx) = 90— Do by ™ br et tbyxiby | & rational function, such thatn = m + 1;n,m € Z* then the
. . a A
oblique asymptote of p(x) is L(x) = Z—nx - (blwl)z where ¥ = [bn b 1], degree of f = n and degree of g = m.
m m m m—1

Proof:

Consider we have the following rational function

fO)  apx"+ap X"+ ay o x" P+ +agx +ag
gx)  bpx™ 4+ by x™ N+ by o x™ 2 4+ bix + by

p(x) = €y

Suchthatn = m + 1and a;,b; € R,Vi = 0:nandV j = 0:m, also a,, # 0and b,, # 0. It’s clear that p(x) has an
oblique asymptote, since degree of the numerator of p(x) is one greater than the degree of the denominator [1].

Let L(x) = ax + B be an oblique asymptote of a rational function p(x), by the definition of Oblique asymptote of
rational functions p(x) — L(x) — 0 as x approach to infinity, it means that

A X" + a1 x" Tt a, o x™ 2+t agx +ag
bmxm + bm_lxm_l + bm_zxm_z + A + blx + bo

—(ax+pB)=0 (2)

Now, from equation (2) we obtain

a = anxn + (an—l - ﬁbm)xn_1 + (an—z - ﬁbm—l)xn_z + ot ((11 - ﬁbl)x + (ao - ,3170)
B by x™tt 4+ b x™ 4 by _ox™ 1 4o 4 by X2 + byx

3)
By dividing numerator and denominator by x™, we obtain

1 1 1 1
a, + (an—l - ﬁbm)z + (an—z - Bbm—l)p + -t (al - ,Bbl) X1 + (ao - .Bbo)x_n (4)
1 1 1 1
bm + bm—l E + bm_z F + b + b1 x—n_z + bo x—n_1

a =

As x approach to infinity in equation (4), we get
an

CZ:a

Substituting the value of « in equation (2) and rewriting the equation with respect to g, we get

Apx™ + A X"+ Ay x™ i+t x+a,  ay
mxm + bm_lxm_l + bm_zxm_z + A + blx + bo bm

)

=3

Therefore

_ (bmap_y = @by )X + (b Gn_p — Apbpy_2)X™ ' + -+ (bray — anby)x + byag
(bm)zxm + bmbm_lxm_l + bmbm_zxm_z + b + bmblx + bmbo

(6)
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By dividing numerator and denominator by x™, we obtain

1 1 1
(bman—l - anbm—l) + (bman—z - anbm—Z)E + et (bmal - anbo) W + bmao_

Xm
7)
1 1 1 1 (
(bm)z + bmbm—l x + bmbm—Z X2 + -+ bmbl xm—1 + bmbO xm

When x approach to infinity, from equation (7) we obtain

_ (bman—l - anbm—l) _ 1 an an—1|

Om)? = T bn b ®)

Substituting the value of @ and g in the function L(x), we get

an—l]

an
L(x) = o X T by,

1 an
(bm—)z |‘p| , Where ¥ = [bm

From theorem (5) we obtain the following corollaries

Corollary 1: The Oblique asymptote of a rational function passes through origin if and only if [¥| = 0, where W is
defined in theorem (5).

Proof: (=) Suppose that The Oblique asymptote L(x) as defined in theorem (5) passes through origin, this means
that L(0) = 0, thus, we get |¥| = 0.

(«<) Suppose that |[¥| = 0 in L(x) as defined in theorem (5), thus we get L(0) = 0, this means that L(x) pass through
origin.

kd

Corollary 2: Every oblique asymptotes of rational function p(x) intersect x-axis at the point ( ,0) and

anbm

intersect y-axis at the point (0 ,— (bl‘y)lz)
m

Proof: To determine the x- intercept of oblique asymptote L(x) as defined in theorem (5), we set y = 0 and solve for x
we get x = % . Similarly, to determine the y- intercept of oblique asymptote L(x), we set x = 0, and solve for y we
n“m

kd
(bm)? *

gety = —
Theorem 6: (Mariwan’s Theorem 2)

The number of intersection point of a rational function p(x) in equation (1) with its oblique asymptotes at most n — 2.

Proof: To find the intersection points of rational function p(x) and oblique asymptote L(x) as defined in theorem (5)
we put p(x) = L(x), thus, we obtain

f&) _aen, 1
o " om* o P ©)

Multiplying both sides of equation (9) by g (x)(b,, ) we get
(b )?f () = anbmxg(x) + g()|¥] = 0
Expanding above equation and after some minor algebraic calculation we obtain
(b2, ap_y — Qubyby_y + (W bpm_)x" 2 + (b2 ap_3 — pbmbm—z + |P|bpm_)x™ 3 + -
+(bZ a, — aybyby + |W|by)x? + (b2 a; — ayby,by + |W)b)x + (b2 ag + |W|by) =0

This equation can be expressed in the following form
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n-1
RGO = ) ix™ 41 =0 (10)
i=2
Where
l!}l' = b-,zn An_i — anbmbm_i + |qjlbm—i+1 ,v’, = 2,3, v, = 1 \I
_ _ a A, _i
= [W|bp_iy1 = B lby when @ = [," "] vi=23,.,n-1 an
m m-—i
n = agb% + W]b )

Since R(x) in equation (10) is a polynomial degree at most n — 2, so according to the theorem (1), the equation (10)
has at most n — 2 roots, the proof is complete.

Corollary 3: The remainder of rational function p(x) as defined in equation (1) is R(x) =

o )ZR(x) where R(x)

defined in equation (10).
Proof: From the proof of theorem (6), we note that R(x) = g(x) (b, )2 [x) (x) —L(x )]

f()

Now, according to the division theorem for polynomlals = L(x) + R( ) where R(x) is a remainder polynomial, this

implies that, the remainder of the rational function p(x) as defined in equatlon Q) isR(x) = g(x) [f(x) L(x)], hence

we get R(x) = —=R(x)

(bm )2

Corollary 4: The real roots of the remainder polynomials R(x) = ™ )2 Gty x4+ 1,) , Where 3; and 1,

,Vi=23,..,n—1defined in equation (11) are intersection points between rational function p(x) in equation (1) and
oblique asymptote’s L(x), such that denominator of p(x) not equal to zero at these roots.

R(x)
gx)
(5)and g(x) = 0. If R(x) = 0 we get p(x) = L(x) , this means that the points of intersection of p(x) and L(x) are the

real roots of the remainder polynomial R (x).

Proof: From the division theorem of polynomials we have p(x) = L(x) + == , where p(x), L(x) defined in theorem

Corollary 5: Ify; = 0,vi =2,3,..,n— 1 buti, # 0inequation (11) then p(x) never intersects oblique
asymptotes.

Proof: Ify;, =0,vi=23,..,n—1 and, # 0, then from corollary (3), we get R(x) = )2 ——1,, , but ,is a non-

zero constant, hence R(x) # 0, this means that R(x) has not any root. Hence from corollary (4) we conclude that p(x)
and L(x) have not any intersection points.

Corollary 6: If n = 2 in equation (1) and 1, # 0 then the rational function p(x) never intersects oblique
asymptotes.

Proof: If n = 2 then from corollary (3) we get R(x) = )2 ——1), , but, # 0, hence the remainder R (x) is a non-zero

constant R(x) =+ 0, this means that R(x) has not any real roots. Hence from corollary (4) we conclude that p(x) and
L(x) have not any intersection points.

Theorem 7: (Mariwan’s Theorem 3)

The number of intersection points of a rational function p(x) in equation (1) with oblique asymptotes L(x) at most k,
whenk =max{n—i| Y; #0,Vi=2:n—1},and; ,V i = 2:n — 1 are defined in equation (11).

Proof: letk =max{n—i| Y; #0,Vi=2:n—1}
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1
(bm)?
theorem (1) the remainder R(x) has at most k roots, but in corollary (4) we have, the real roots of the remainder
polynomials R(x) are the intersection points between rational function p(x) and oblique asymptote’s L(x), the proof is

complete.

Therefore, the remainder R(x) = Gt x™E+p,) is a polynomial of degree k, hence according to the

Theorem 8: (Mariwan’s theorem 4)

If 14, 4;, ..., A,_, are exactly n — 2 intersection points of a rational function p(x) in equation (1) with its oblique
asymptote’s L(x) where n > 3, then Mariwan’s vector equation is

— _ A= Pl 7 an -
a=Qr (bm)2b+bmc (12)

Where @’ = (an—z' ap-3,°**, 01,09 )T ) F = (bn—Z' bp-3,++, by, by )T! = (bn—3: bp—s4,++,bo, 0 )T

T
r = (1, — Yicisn—2 Ai» + Dasicjen—2 Aidj, o, (=173 (H?:_f A+ IS+ + T ’11‘)'(_1)”_2 | (it )

i#2 i#n—2

_ bm—1 _ el _ an Ap-1 _ an An-2
1= by 2 hd by, W= [bm bm_l] and & = [bm bm_z]
Proof: Suppose
gx) =Qx -2 —25) . (x —2,—2), QER (13)

Be a polynomial’s have real root’s A4, 4,, ..., 1,,_, . Now by equating R(x) in corollary (4) and q(x) in equation (13) we
get

n

1 -1
(b )2 (Z lpi xn_i + lpn) = ‘Q‘(x - Al)(x - AZ) (x - An—Z) (14)
m i=2

4

Where 1; and y,, ,V i = 2,n — 1 defined in equation (11). Now by using Vieta’s theorem, equation (14) becomes
1 n-1
(b )? (Z P x" T+ ¢n> = Q"+ Qx4 X T e g X+ PraX + 0y (15)
m i=2

Where

1= = Q%1cisn—2 A )
¥z = +Q ¥ 1cicjsn—2 Aid;
‘ (16)
Pp-3 = (_1)n_3ﬂ (H?:_iz A + H?:_12 A+t Hril=_12 /11')
i#1 i#2 izn-2 J
Pnp = (D" 2Q [T 4

By equating the leading coefficients of both sides in equation (15) we obtain ﬁl[)z =, but from equation (11) we

have ¥, = b23,a,,_, — ay byybpm—y + |¥|by,_1, thus we get a,,_, — a”i’"‘z + |¥| (bb’"‘)lz = Q. Similarly, by equating the
m m.

other corresponding coefficients of both sides in equation (15) and by using equation (11), we obtain the following
system of equations
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_1 — __ Gnbm—2 bm—1 _
(bm)? lpz = Gn-2 bm + | | (bm)? =40
1 nbm— bm—
(bm)? Vs = @y = b sk (bm)zz == Q0%1cisn—2 i
1 anbm-— bm-3 _
(bm)z 1p4 = Ap_yg — by 4 + |l{J| (bm ; =40 lei<jsn—2 /11/1] [ (17)
S = anbo n-3
(b)? Yp_1=0a; — + W] (b )z =Q(— 1) (H /1 + H /1 + e+ Hl::n ., Ai)
1
oE¥n=a0t I‘PI (b )2 =Q(-1)"2 [[x2 A
Now, from the first equation in system of equations (17) we get
_ bm— |‘1>|
b ¥ (18)
an ap-1 ay_»o
Where ‘P—[bm ]A do = [b mz]

We can write above system of equations (17) as the form vector equations as follows

1

P (b, _ b -

an—g - leisn—z Ai bn 2 bn_3

aZ—4 + Z1si<jsn—2 lilj bn_3 bn_4

= —Yisi< '<k5n_2 Aidi Ay ol n—4 an s

e : ] (bm)? bps|+ 3 by
a, =™ 3(1‘[ 2 -I-H 0+ +H$ 2/11_) b, N

- Go - i#n— |
0 =™ 2 H?:_fli b, | L 0

Thus, we obtain Mariwan’s vector equation (12).

Theorem 9: (Mariwan’s theorems5)

If the equation p(x) — L(x) = 0 have only n — n* roots 1;, A,, ..., A,,_,» € C, whenn* € {2,3,...,n—1}and n = 3,
p(x) and L(x) defined in theorem (5), then Mariwan’s vector equation is

N (19)

—>=Q—>_
a T T o2 bm

Where @’ = (an—z; an_3,*,01,09 )T ) F = (bn—Zl bn—3' Y bll bO )Tv = (bn—3l bn—4l Y bOl 0 )T

r = bm_n*+1 |¢| _[% an Apn*

T 000wy 0o )T =] = w0 T ade= [0
(n* — 2) times

@1 = = Tisisn-n* Ay W2 =+ Lisicjsn—n' didj, W3 = = Lisicjcksn-n Aididi

Onoeey = OIS 44 TS 24+ TS A) s 0o = GO TS A

Proof: Suppose
q(x) = Qx =) (x = 23) ... (x — Apr?) (20)
Be a polynomial’s have root’s A;, A5, ..., 1,,_n+ € C, where n* € {2,3,...,n — 1} and n = 3. Now, by equating the

remainder polynomial R (x) in corollary (3) and q(x) in equation (20) we get
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1 n-1
W (Z 1»[)1‘ xn—i + 1,[)11) = Q(x - /11)(36 - AZ) (x — An—n*) (21)
m i=2

Where 1; and ¢,, ,V i = 2,n — 1 defined in equation (11). Now by using Vieta’s theorem, equation (21) becomes

n-1

1 . * _n*_ —_n*-
(b )2 (z ¢i X"+ ¢n> =Qx"" + ¢1xn S (prn e R (pn—n*—zxz tT Ppn—1X + Pp_p* (22)
m i=2

Where 01 =—Q%1cicn-n* A

@2 = +Q ¥ cicjen-n* Lidj

Pnntor = (DTS 4+ TS 4+ -+ TS 44)
izn-n*

Pn—n* = (_1)n—n* Q H?:_ln* A

Now, by equating the corresponding coefficients of both sides in equation (22), we obtain ——=1; = 0,Vi=2:n* — 1

(bm )2
but from equation (11), we have y; = b2, a,_; — apbymbm—; + |¥P|bym_i+1,V i = 2:n* — 1 thus we get

Ap_i — a”:n’f“' + |¥| b(’;;")"; =0,Vi=2:n"—1. Similarly, by equating the coefficients of x™"" of both sides in

equation (22), we get ﬁzpn* = Q, but from equation (11), we have ¥+ = b2 ay_p* — Apbmbm—n + |P|Pm_n*+1
m

thus we geta,_,- —a”’;’”‘"* + |‘P|b’(’;‘”;;1 = . Similarly, by equating the other corresponding coefficients in
m m

equation (22), we obtain the following system of equations:

(bm;)zl/)i =an_i— an:z_i + ¥ T;_L;zl =0,vi=23,. -1

(bm;)zlpn* = Gpp* — a"';Z‘"* + ¥ ’(’; ”;;1 =0

(bm;)zlpn*+1 = Qpprog — 2 b*;m" =1 4 || 2m (b )2 =—Q Yicicn-n A

Tl el L ")21 = O i e Ay L (@23)
(bm_)zlpn—1=a1 anb°+| |(b )2—( 1)""'19(]_[ A+H ,1+ +Hm,nli)

T Y = g+ W1 = (DR T A

From the second equation in system of equations (23), we get

Q—m"“l% , Where ¥ = [b ]andd) [b

an n]
(bm )?

mn

We can write above system of equations (23) as the form vector equation as follows
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0
fin-2 0 by_» b,_
an-3 . ¢ (0" —2) times b, s b,_,

' 0 :
An-n*+1 1 bn—n*+1 bn_n*
Ay g *
a i :l_l =0 - leisn—n* A; el b n :1 +a_n Zn_n*_l 2

an n* 2 + Lasicjsn-n* Aid b2, T by bn_n -
n-n*— L o
an—n* _lei<j<ksn—n*ﬂ-i)~jﬂ-k n-n*-2 n—n*—3
Tl_"n' -3 . bn—n*—3 bn_n*_4
a, (—1)n—n*_1 (H::ln A+ H:l;ln A+ Hflli—:fll . Ai) b, by
ap 11 . i#2 i i#n-n b |
=Or IS A ] - Do A

Thus, we obtain Mariwan’s vector equation (19), the proof is complete.

ao(bm)?+bo|¥|
(bm)?
this means that, the remainder is a non-zero constant. Also if the equation p(x) — L(x) = 0 has infinite roots we put

As a special case, if the equation p(x) — L(x) = 0 has not any roots i.e. n* = n, in this case we put Q =

Q = 0 in vector equation (19), in this case the equation (19) becomes a’ = — (;Wl)z b + Z—” c.

Ilustrative Examples:

In this section, in order to show the efficiency of our proposed methods, we shall illustrate our theorems by some
examples.

LS 43x*—3x2+3x-1
Example 1: We first consider the rational function p(x) = a0 this example we haven =5, m = 4,
EX X2 —=/X—
a frd l

572

,a4=3,b4=§and b3=1 aH

From Mariwan’s Theorem1 we have ¥ = [

# 2 2 4
Hence the oblique asymptote of p(x) is L(x) = %x _w 1,1 X\
4

NWN R
— w
e—

'

'

\v

7 f

(b4)? 3 9

3x6—2x5+x*+azx3+ax2+a x+7

2x5+byx*+x3-2x+bg
as=-2,a,=1,ay,=7,bs =2,b; =1,b, =0,b; = —2 and the coefficients a,, a,, as, by and b, are unknown.
If we know the rational functions p(x) intersect oblique asymptotes at the point x = 0,x = 1,x = 2,x = 4 and the
oblique asymptote intersect x-axis at the point x = —2.

Example 2: Consider we have the rational function p(x) = wheren =6,m =5,a, =3,

[¥]

Now, from corollary 2 we obtain e —2 thus we get || = —12. From Mariwan’s theorem 4, we have
6Us5
|¥| = |3 _2| This implies that b, = — 1% and also || = |3 1| =1,and Q=2 W] _e_3
2 b, 4 3 2 1 ’ (bs)? bs 2
Now, we applying equation 12 we get 154
[1 1 |—13—6| 1 10
o L L)
Iazl=§|14|+3 o [+3]-2 3
o] Tl 2| T s
7 b, 0
Hence a; = —% ,a, =214 ,a, = —2753 and b, =§
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agx®—2x8+agx®-3x5+asx*+asx3+ax?+a x+a,

5x8—x7+bgx6+6x5—2x*+3x2—x+3
m=8, ag=—2, a,=0,as=-3, bg=5, b, =—1, bs =6, by, =—2, b; =0, b, =3, by = —1, by = 3 and the
coefficients ay, a,, a,, as, a,,aq, aq and by are unknown. If we know the oblique asymptotes pass through origin and
the roots of p(x) — L(x) = 0 are x = 0 multiplicity two x = 1,x = i,x = —i.

where n = 9,

Example 3: Consider we have the rational function p(x) =

Now, from corollary (1) we obtain|¥| = as" :ﬂ = 0, this implies that aq = 10. From Mariwan’s theorem5, we have
o = [10 _3] ,and Q = b—il‘Pl -L |®| = 1.Now from equation (19) we get 21
5 =2 bg bg
-0 1 -0 1 ,b6_ 11
Qg 0 6 } ! ;
-3 1 -2 k3 -2 -1 1 2
a,|_|-1 0 11+
a |~ 1 +2 3
a; -1 -1 )
a, 0 3
la,] Lol Lol =i

This impliesthat ay = 0,a, = 6,a, = —3,a3 = 7,a, = —1,a, = 12,a9 =10 and b = 0

a11x11—74x1°+a9x9—690x8+a7x7—756x6—174—x5+a4x4+366x3+a2x2+172x—66
2x10420x%+bgx8+240x7 +bgx6+504x5+420x*+b3x3+90x2+b, x+bg

11,m =10,a,y = —74,a3 = —690,a, = —756,a5 = —174,a5; = 366,a, = 172,a, = —66,b,, = 2,by = 20, b, =

240,bg = 504, b, = 420,b, =90 and the -coefficients a,,ay, a;,aq, a41,by, b1, b3, bs, and bg are unknown

coefficients. If we know the oblique asymptotes pass through (_71,4)and the roots of p(x) —L(x) =0 are x =1

Example 4: Consider we have p(x) = where n =

multiplicity two x = —3 and x = +2i .

a;; —74

Now, from Mariwan’s theoremlwe have L(x) = %x - (;L')Z = %x - % , but since the oblique asymptotes
10 10

pass through (_Tl, 4), hence L (_Tl) = 4 this implies that a,;; = —8. Also from Mariwan’s theorem5 we have

_|-8 -74|_ _|-8 —174] _ _ _ bs ET
|kp|_|2 20|_ 12, ICI>|—|2 20 | = 301200 0 = 2 9] — = |0 = —6
20
Now, we applying equation (19) we get
151
- Qg 1 -0 1 20 1 " bg T
—690 0 bg 240 10
a; 0 240 be
-756 0 be 504
—174| _ 1 504 420
e |70 1 [*3|a20|"4 b, ! -
366 -1 b 90
a; 7 90 bl -5
172 -20 b, by
L —66 - L 12 L by L 0 10

This implies that a, = 148,a, = 294,a, = —960,ay = —300,a,, = —8,b, = 2,b; = 20, b3 = 240, b, = 420, and
bg = 90

77
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6x6+2x5 +axt+azsx3 +lx?—12x+
4 — —_ — — —

wheren =6,m=5,a, = 6,a; = 2,a, = —,

6 5 2 4

(=]

Example 5: Consider we havi =
ample 5: Consider we have p(x) PRCTEI NN P

a; =—-12,a, = %,bs =4,b,=2,b;=0,b, =—-3,by =1,by = %and the coefficients a; and a, are unknown. If we

know, the function p(x) — L(x) has only two roots A; and A,. To determine the value of A2 + 3 .

184



JZS-A Volume 23, Issue 2, December 2021

17

Now, From Mariwan’s theorem5, we have |¥| = |2 §| =4, |®| = ‘6 4| =—11and Q = 2. Now, we applying
4 1

equation (19) we get

[ %] 0 2 0
% =2| 1 |—1 —31+2[ 1
~12] |-+l L 2 E
1z LA LG

Thus, we obtain 4,4, = 5and A; + A, = 7. Therefore, A2 + 12 = (4; + 1,)? — 24,4, = 39
Conclusion:

In general, finding oblique asymptote of rational functions needs more mathematical computation whenever numerator
and denominator of rational function are long expression, in this case we can use Mariwan’s theorem for oblique
asymptotes easily and successfully to find oblique asymptotes. Moreover, in this work, the Vieta’s formula is
generalized and applied to intersection between rational functions and its oblique asymptotes. Also Mariwan’s vector
equation successfully can be used to find unknown coefficients in rational functions when intersection between rational
function and its oblique asymptotes are given.
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